This paper summarizes a few results relating the structures of locally compact groups to diagonal type structures for some of their C * -algebras, namely residual finite dimensionality and quasidiagonality.
The main results in the first section regard such a group G having a residually finite dimensional enveloping C * -algebra, C * (G). We show that if C * (G) is residually finite dimensional, then G is maximally almost periodic, and mention a case where the converse does not hold. We obtain a partial converse, though: G is maximally almost periodic exactly when its reduced C * -algebra C * r (G) is the quotient of a residually finite dimensional C * -algebra which is a quotient of C * (G). We then obtain the result that G is maximally almost periodic and amenable exactly when C * r (G) is residually finite dimensional. We conclude the section by exploring the class of groups having residually finite dimensional enveloping C * -algebras. In particular, we examine the stability of this class under free products and amalgams.
The second section records the result that a certain quasidiagonality condition for the unitaries of the left regular representation of G implies that G is amenable. We also extend, to a larger class than discrete groups, Rosenberg's result that if C * r (G) is quasidiagonal, then G is amenable. We would like to thank many people who have made comments or suggestions regarding this work. Ken Davidson introduced us to the concept of quasidiagonality. Thierry Giordano brought the useful paper [8] to our attention. Terry Loring informed us of [11] . The first author benefited from conversations with Vladimir Platonov on free products. We would also like to thank our supervisor Brian Forrest for useful conversations about the direction and results of this paper.
Maximal almost periodicity and residual finite dimensionality
A locally compact group G is called maximally almost periodic if there exists a separating family of continuous finite dimensional unitary representations of G. A C * -algebra A is called residually finite dimensional if there is a separating family of finite dimensional representations of A. If A admits a countable separating family of finite dimensional representations, then we could say that A may be faithfully represented as a block diagonal C * -algebra. We recall that there is a bijective correspondence between the collection of equivalence classes of continuous unitary representations of a locally compact group G and the collection of equivalence classes of non-degenerate involutive representations of its enveloping C * -algebra
is an involutive representation on a Hilbert space H, the associated continuous unitary representation of G will be denoted by σ G ; if σ G is a continuous unitary representation of G, then denote the corresponding representation of C * (G) by σ. Note that C * (G) may be viewed as the completion of C c (G), the convolution algebra of continuous functions with compact support on G, in an appropriate norm. If for s in G and Proof. If C * (G) is residually finite dimensional, then G is maximally almost peri-
is a finitely generated linear group and so is residually finite by [1, Cor. 1] . This shows that G is residually finite. If G is a non-trivial divisible group, i.e. G is Abelian and G n = {s n : s ∈ G} is all of G for n in N, then any quotient of G is also divisible, so can be finite only if
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
it is trivial. Hence G cannot be residually finite. However, any divisible group G has that its commutative C * -algebra C * (G) is residually finite dimensional, since its characters separate points. In particular, the additive group of rationals Q has a residually finite dimensional enveloping C * -algebra, but is not residually finite. Much of this proof is contained in [9, Prop. 4] . 
For a locally compact group
G, let λ G denote the left regular representation of G on L 2 (G), given for s in G and ξ in L 2 (G) by λ G (s)ξ(t) = ξ(s −1 t) for almost all t in G. Let C * r (G) = λ(C * (G)) denote the reduced C * -algebra of G.
Theorem 1.3. If G is a locally compact group, then the following are equivalent:
is injective, and thus s = e. This means that F G separates points of G so G is maximally almost periodic.
We can abstractly characterize all locally compact groups G for which C * r (G) is residually finite dimensional.
Theorem 1.4. A locally compact group G is maximally almost periodic and amenable if and only if
Proof. If G is maximally almost periodic and amenable, then it is immediate that 
Hence G is amenable by [13, Theo. 3] . Then C * (G) ∼ = C * r (G) is residually finite dimensional, so G is maximally almost periodic by Theorem 1.1.
For countable groups the above theorem follows from [6, Cor. 4] .
We have some interest in characterising the class of locally compact groups G for which C * (G) is residually finite dimensional. We know that all such amenable groups are the maximally almost periodic ones. There are, however, non-amenable groups which are in this class.
If G and H are two discrete groups, denote their free product (or coproduct in the category of groups) by G H. Provided that at least one of G or H is not a 2 element group and both are non-trivial, it is known that G H contains a copy of the free group F 2 , and hence is not amenable. Proof. There is an obvious isomorphism
is the unital C * -algebra free product of C * (G) and C * (H). This C * -algebra is residually finite dimensional by [11, Theo. 3.2] .
We remark that for F 2 ∼ = Z Z, the above result is due to Choi [5] (also see [7, VII.6 .1]).
If G and H are groups and there is a group Γ which is embedded in each of G and H via homomorphisms i and j respectively, then the amalgam of G and H over Γ is 
Quasidiagonality and amenability
For our definitions and preliminary results, we follow [14] , but suitably generalize them to non-separable Hilbert spaces. A set S of bounded operators on a Hilbert space H is called quasidiagonal if for any set M ⊂ H which spans a dense subspace of H, any finite sets S 0 ⊂ S, M 0 ⊂ M and ε > 0, there is a finite rank projection p on H such that
The following is the non-separable analogue of [14, Lem. 1 (4)]. A representation ρ : A → B(H) of a C * -algebra A is quasidiagonal if ρ(A) is quasidiagonal. We say that a C * -algebra A is weakly quasidiagonal if it has a faithful quasidiagonal representation.
Proposition 2.1. A set S of bounded operators on a Hilbert space H is quasidiagonal if and only if there exists an increasing net of finite rank projections {p
It is clear from the above proposition that a residually finite dimensional C * -algebra is weakly quasidiagonal.
We now define two algebras associated with the left regular representation. Let C * δ (G) = span{λ G (s) : s ∈ G} and VN(G) be the weak operator closure of C * δ (G), or equivalently the weak operator closure of C *
where AP( G) is the commutative C * -algebra of almost periodic functions on the
Lemma 2.2. If G is not compact, then VN(G) contains no non-trivial compact operators.
Proof. 
for all n, so a is not compact; for if a were compact, then lim n→∞ aξ a,n = 0.
The problem of knowing the conditions under which C * r (G) is (weakly) quasidiagonal has attracted some attention ( [14] , [18] , [21] , [22] ). It is proved in [18] that for a discrete group G, C * r (G) is quasidiagonal (as a concrete family of operators) only if G is amenable. We have found that the most natural extension of this result is not an extension to C * r (G) for locally compact G, but to any space of operators containing C * δ (G).
Theorem 2.3. If G is a locally compact group for which
Proof. We may assume that G is not compact. Let H be a countable subgroup of G and C * 
where π is the map onto the Calkin algebra. Hence id| H and ρ (∞) are approximately unitarily equivalent by Voiculescu's "Weyl-von Neumann" Theorem [20] (see [7, Cor. II.5.6]), so id| H is quasidiagonal by [14, Cor. 3] . Hence C * λG (H)| H is quasidiagonal as a set of operators on H. Since H is an arbitrary separable subspace of L 2 (G) satisfying the conditions above, it follows that C * λG (H) is quasidiagonal as a set of operators on L 2 (G). Let {p α } α∈A be a net of finite rank projections on L 2 (G) strongly increasing to the identity such that lim α∈A p α a − ap α = 0 for a in C * λG (H). Let U be any ultrafilter on A containing the sets {α ∈ A :
. Let tr be the canonical trace defined on finite rank operators on L 2 (G). Then we may define a mean (state) on L ∞ (G) by setting 
Then for such f and t in H we have
For each finite subset F in G, let m F be the mean defined above which is invariant for the action of F on L ∞ (G). Then any weak * cluster point of the net {m F } F ∈F , indexed over the collection of all finite subsets of G, is a left invariant mean for the action of G on L ∞ (G). Hence G is amenable.
We note that the method used above, of reducing to countable subgroups and applying Voiculescu's theorem, gives a generalization of [18 
Added in proof
A.-T. Lau has kindly pointed out to us that Lemma 2.2 can be found in [23] .
